The planar Dirac and the topologically massive vector gauge fields are unified into a supermultiplet involving no auxiliary fields. The superPoincaré symmetry emerges from the osp(1|2) supersymmetry realized in terms of the deformed Heisenberg algebra underlying the construction. The non-relativistic limit yields spin 1/2 as well as new, spin 1 "Lévy-Leblondtype" equations which, together, carry an N = 2 superSchrödinger symmetry. Part of the latter has its origin in the universal enveloping algebra of the superPoincaré algebra.
Introduction
The two main descriptions of massive relativistic spinning particles in the plane, namely those with spins 1/2 and with spin 1, are given by the Dirac, and by the topologically massive gauge theory of Deser, Jackiw and Templeton (DJT) [1, 2, 3, 4] ,
respectively, where, in (1.1), ψ = ψ a is a two-component Dirac spinor and the −(1/2)γ µ , where γ 0 = σ 3 , γ 1 = iσ 2 , γ 2 = iσ 1 , generate the spin 1/2 representation of the planar Lorentz group. Similarly in (1.2), the −iǫ ν µλ generate the 3-dimensional vector representation, to which the F ν belongs. The equivalence of the dual formulation we use here with the Chern-Simons approach in [1] is discussed in [5] .
The supersymmetric unification of these two theories is usually realized in the superfield formulation, which involves auxiliary fields, and relates the Dirac and the gauge vector fields. In such an approach, the supersymmetry between the "Dirac" and "topological" masses in (1.1) and
A unified wave function can be represented by the 5-tuplet
2)
The 3-dimensional Lorentz algebra generated by J µ can be completed to the superalgebra osp(1|2) by adding the two off-diagonal matrices , whereη = diag(γ 0 , η), and η = η µν . L 1 and L 2 span the deformed Heisenberg algebra [12] , L A , L B = −ǫ AB (1 + νR) , with deformation parameter ν = −5, where
The operators L A extend the Lorentz algebra generated by (2.1) to osp(1|2), 6) where
The role of the grading operator is played by the reflection operator R. Then the super-Casimir operator is
The representation of osp(1|2) is therefore irreducible. The original ingredients, ψ a and F µ , can plainly be recovered by projecting onto the ∓1 eigenspaces of the reflection operator, R. On these subspaces the Casimir of the Lorentz subalgebra is
The operatorα has, hence, eigenvalues α − = − 1 2 and α + = −1 , proving that the ∓1 eigenspaces carry indeed the irreducible spin-1/2 (Dirac) and resp. spin-1 DJT representations. Moreover, usingα our two, Dirac and DJT, systems can be written in the same unified form,
The operators L A interchange ψ and F , but they do not preserve the physical states (defined as solutions of the Dirac and DJT equations, respectively). This can be achieved, however, by considering instead the two supercharges,
A, B = 1, 2, whose components in explicit form are, 10) where P ± = P 1 ± iP 2 . The action of (2.10) on the spin-1 (F µ ) and spin-1/2 (ψ a ) components is found, respectively, as
where ζ A are the parameters of the supersymmetry transformation. Hence, a two-component Dirac field is transformed into a three-component DJT field F ′ and conversely. Furthermore,
Both the Dirac and DJT equations imply the Klein-Gordon equation, allowing us to conclude that the transformed fields satisfy the Dirac and DJT equations, respectively, if the original ones satisfy them (in the reversed order). Adding the two supercharges (2.10) to the Poincaré generators of the space-time translations, P µ , and of the Lorentz transformations, M µ = −ǫ µνλ x ν P λ + J µ , yields the off-shell relations,
14)
The second term on the r.h.s. of (2.16) vanishes on-shell, leaving us with the usual N = 1 planar super-Poincaré algebra, iso(1|2, 1).
Solutions of the supersymmetric equation
The equations are solved following the method outlined in [8] . It requires expanding the fields in the lowest weight representation basis of the Lorentz generators (2.1).
Since the representation of the Lorentz algebra (2.1) is reducible, there are two lowest nontrivial vectors such that, J − |0) D = 0, J − |0) DJT = 0. These are just the lowest spin states in the spin 1/2 (Dirac) and spin 1 (DJT) sectors, respectively.
The irreducible spaces of spin 1/2 and 1 representations are generated by the ladder operator J + = J 1 + iJ 2 , which acts as
Both subspaces have highest spin states, J + |1) D = 0, J + |2) DJT = 0 and the ladder operator J − = J 1 − iJ 2 acts as,
3)
The Dirac and DJT fields are written in this basis as,
Here,
For the Dirac and DJT fields, equation (2.9) yields,
For positive energy solutions (P 0 = −P 0 > 0), the operator P 0 + m can be inverted. Hence,
The first term in (3.8) vanishes by the Klein-Gordon equation, so that all components of the DJT (Dirac) field are obtained from the lowest spin state −1 (and −1/2),
where A, B, are arbitrary constants, and p i are the eigenvalues of P i . Negative energy solutions can be obtained by an analogous procedure, considering the highest spin components, ψ 2 and F − , of the spin 1/2 and resp 1 sectors.
Nonrelativistic counterpart of the Dirac-DJT supermultiplet
Taking the nonrelativistic limit is subtle. For example, central extensions correspond to cohomology [13, 14, 15, 16] ; that of the Poincaré group is trivial, while the one of the Galilei group is not. How can nontrivial cohomology arise in the nonrelativistic limit ? As explained in Ref. [15] , one should start with the trivial U (1) extension (i.e. with trivial two-cocycle) of the universal covering of the Poincaré group, and then Inönü-Wigner contraction yields the universal covering of the Galilei group, namely an U (1) extension of the Galilei group (with nontrivial two-cocycle). The latter is necessary to support the mass-central-charge extension. It is in fact the rest frame energy mc 2 that generates the nontrivial two-cocycle in the nonrelativistic limit.
In our particular case, the nonrelativistic limit is carried out first by reinstating the velocity of light, c, and putting m → mc, x 0 = ct. P 0 diverges in the nonrelativistic limit c → ∞ as mc and must be renormalized therefore. Similar considerations indicate that, when compared to F + , the components F 0 and F − are suppressed by factors of order c −1 and c −2 , respectively, on account of equation (3.8) . Analogously for the Dirac field, ψ 1 is suppressed by c −1 compared ψ 0 . Rescaling the field components by suitable powers of c yields nontrivial components with nonrelativistic spin. Consider, in fact, φ 0 = e −imc 2 t ψ 0 , φ 1 = ce −imc 2 t ψ 1 for the Dirac field, and f + = e −imc 2 t F + , f 0 = ce −imc 2 t F 0 , f − = c 2 e −imc 2 t F − for the DJT field. These transformations can be written in a compact form in terms of the supermultiplet (2.2), namely as
The relativistic operators transform according to
In terms of
Eqn (2.9) can therefore be rewritten as (P ′ µ J ′µ −αmc)Φ = 0. Switching to primed variables is, in fact, an authomorphism of the Poincaré algebra (2.14), so that the value of the so(2, 1) Casimir operator of J ′ is left invariant. We have, moreover,
This operator diverges in the nonrelativistic limit. Consistency in the nonrelativistic limit requires, therefore,
In the rest frame, this equation is equivalent to J 0 −α = 0, which fixes the spin of the nonrelativistic particle. Note that the nonrelativistic Hamiltonian, H = i∂ t = cP 0 − mc 2 , is not obtained here, since the first term in (4.4) drops out when c → ∞. The Schrödinger equation is obtained, however, from the transformed Klein-Gordon equation [which is, as said before, a consequence of the first-order equations (1.1) and (1.
2)],
Furthermore, (4.5) and (4.6) allow us to infer,
Eqn (4.7), together with (4.5) allows us to recover, once again, the Schrödinger equation (i∂ t − (2m) −1 P 2 i )Φ = 0 as consistency condition, namely by commuting the operators in front the field Φ. Hence, (4.5), (4.6) and (4.7) form a self consistent system. In fact, Eqns (4.5) and (4.7) alone are enough to describe our massive nonrelativistic supermultiplet. Projecting these equations to the spin 1/2 and 1 subspaces yields indeed the independent equations (written in component form), spin 1 2 :
spin 1 :
Equations (4.8) are the (2 + 1)D Lévy-Leblond equations [7] . (4.9) is in turn the non-relativistic limit of the spin-1 Deser-Jackiw-Templeton system, cf. [8] . ψ 1 , f 0 and f − are auxiliary fields and may be expressed in terms of the lowest spin states, ψ 0 and f + , respectively. These equations imply the Schrödinger equation for each component.
With the nonrelativistic limit is associated a contraction of the superPoincaré algebra (2.14), that produces a symmetry of the nonrelativistic system (4.6) and (4.7). Defining
where ǫ ij = −ǫ ji , ǫ 12 = 1, we get
where
which act independently in the spin 1/2 and spin 1 subspaces,
The boost operator we find is consistent with the known result for spin 1/2 [7] , recently generalized to spin 1 [8] . Note the spin contribution, J 0 , to the angular momentum. Together with the P i , the operators (4.10) generate the sevendimensional, one-parameter centrally extended Galilei (also called "Bargmann") algebra gal = translations, P i , time translations, H, Galilei boosts, K i , rotations, J, mass-central-charge, m ,
The Casimir operators of the algebra (4.12) are
The internal energy represented by C 1 vanishes, owing to the Schrödinger equation. In virtue of equation (4.5), the second Casimir is, however, operator valued,
The Galilei algebra we have found is therefore reducible. This has been expected, owing to the supersymmetry of the Dirac-DJT multiplet, whose nonrelativistic limit we have taken. The algebra becomes, however, irreducible if we restrict ourselves to the ∓1 subspaces of the operator R, i.e., to spin 1/2 and spin 1, respectively. Non-relativistic supersymmetry is inherited from the relativistic one of the Dirac-DJT supermultiplet. In fact, the nonrelativistic supercharges, are obtained by taking the limit,
and
Note that these supercharges are related through the grading operator (2.5), Q 2 = iR Q 1 . The action of the supercharge Q 1 on the nonrelativistic field Φ reads 16) and the action of Q 2 follows analogously. Here,
This formula shows how the supercharges indeed interchange the non-relativistic "Dirac" (φ a ) and "DJT" (f µ ) components, cf. (2.11). Our supercharges Q i , extend (4.12) to a superalgebra [9] with (anti)commutation relations,
Note that the supercharge is a vector w.r.t. a rotation. Observe also that the superchargeanticommutator involves the operator in Eqn. (4.5), which vanishes when acting on a wave function on account of Eqn. (4.5). On-shell we have therefore
The non-relativistic theory actually has more symmetries, which do not derive directly from the Lie (super)algebraic structure of the parent relativistic theory [9, 10] (see the discussion below). The two "helicities" 19) related by Q ⋆ = iRQ, are both new supercharges for the non-relativistic system which yield on-shell, with the previous operators, a closed superalgebra, 20) called the [centrally extended] N = 2 superGalilei algebra [9, 10] , sgal, which extends the Galilei algebra, gal, by the odd supercharges Q i , Q, and Q ⋆ . In particular, both Q and Q ⋆ are "square roots" of the Hamiltonian, H -just like the Q i in (4.18) are "square roots" of the mass. The super-Casimir operator reads
where (4.5) was taken into account. Note that the representation of the superalgebra is irreducible, since C susy is a constant. By (4.19) , and remembering that m plays the role of the central charge, our N = 2 superGalilei algebra also has two odd Casimir operators, namely
They take here zero values.
Schrödinger (super)symmetry
For a spinless particle, the (free) Schrödinger equation is known to be symmetric under the "conformal" extension of the Galilei group, obtained by adding dilations and expansions [17] ,
Since the nonrelativistic spin 1/2 and spin 1 equations, (4.8) and (4.9), also describe free particles, their Schrödinger symmetry is expected (and has actually been proved for the spin 1/2 model of Lévy-Leblond [18] .) Now we prove that the operators
extend the Galilei algebra (4.12) into the Schrödinger algebra, sch, with non-trivial additional commutation relations,
This representation is reducible: the operators in (5.2) act diagonally on the spin 1/2 and spin 1 subsystems. Projected to the spin-1/2 subspace we obtain, using 4) which are equivalent, on-shell, with those in Ref. [18] . Projecting instead onto the spin-1 sector we obtain the new result,
Here ≈ means after using Eq. (4.5), and we put x − = x 1 − ix 2 . To prove that this operators are symmetries, notice first that (5.2) are elements of the universal enveloping algebra of the Galilei algebra, namely polynomials in the Galilei algebra generators (boosts and translations). Now, we write Eqns (4.5), (4.6) and (4.7) symbolically as DΦ = 0, where D is the respective differential operator.
Consider now two operators A and B such that [ D, A] = [ D, B ] = 0. They both preserve the space of solutions of DΦ = 0, and can be treated therefore as symmetry generators. Then it is straightforward to show that the product of two such symmetry generators AB, is also a symmetry [ D, AB ] = 0. Choosing, in particular, A and B to be Galilei boost or momentum generators, it follows that C and D, constructed of them according to (5.2) , are also (explicitly t-dependent) symmetries.
The system of equation (4.5), (4.6) and (4.9) is therefore Schrödinger symmetric. The same arguments explain the origin of the helicity supercharges (4.19) introduced above. Now the superGalilei symmetry combines with the conformal extension,
related by S ⋆ = iRS, are both supercharges for the non-relativistic system. They are both "square roots" of expansions, 8) where
On shell, Y is just J −α, cf. [10, 19] . Note for further reference that the conserved quantities (5.6) are obtained by the commuting the generator of the special conformal transformations, C, with the supercharges Q, Q ⋆ , see below.
All these generators close, at last, into an N = 2 superSchrödinger algebra [10] , Ssch, that includes the supercharges Q i , Q, Q ⋆ , S and S ⋆ , with additional commutation relations
6 The relativistic origin of (super)Schrödinger symmetry
It is well-known that while the Galilei symmetry is obtained from the Poincaré symmetry by contraction, Schrödinger symmetry, its conformal extension, can not be derived in such a way [11] . Below we show, however, that the latter, and in fact superGalilei symmetry, can be obtained from a relativistic theory, -but one has to start with a larger structure. Consider all operators which are quadratic in the generators of the superPoincaré algebra. Their commutators with the superPoincaré generators are again quadratic. The commutators of the quadratic operators between themselves give rise, however, to the operators which are cubic in the superPoincaré generators. Continuing this procedure, we end with the universal enveloping algebra of the superPoincaré algebra.
Restricting ourselves to a certain subset of the quadratic operators, apply the similarity transformation (4.2) to the commutators of these operators between themselves, and with the generators of the superPoincaré algebra; then divide both sides of these commutation relations by appropriate powers of velocity of light, c, and take, finally, the limit c → ∞. This procedure can yield a closed Lie superalgebra structure.
To identify an appropriate quadratic subset of the universal enveloping algebra, we note that the non-relativistic symmetry generators (5.2), (4.19) and (5.6) can be identified as the nonrelativistic limits ofD = 1 2m
and ofQ ⋆ = iRQ andS ⋆ = iRS,
If we take now, for instance, the commutator of theD with P i , we get a new element of the universal enveloping algebra of the superPoincaré algebra, [D,
On account of the definition (6.3) and of the first relation from (4.3), this reduces, after applying the similarity transformation and taking the non-relativistic limit, to one of the Lie algebraic relations from (5.3), [D, P i ] = −iP i . One can check then that in a similar way all the rest of the (anti)commutation relations of the superSchrödinger algebra can be reproduced proceeding from (6.1), (6.2) and (6.3).
In conclusion, Schrödinger supersymmetry is inherited from its relativistic predecessor, but this requires the extension of the superPoincaré algebra by certain elements of its universal enveloping algebra, which, in the nonrelativistic limit, become genuine space-time transformations.
Discussion
Contraction from the Poincaré algebra yields the Galilei algebra. Extending the contraction to the whole superPoincaré algebra only yields some, but not all, of the nonrelativistic symmetries.
Those which are not obtained emerge from higher order tensor products of the Galilei generators and the supercharges Q i in (4.14)-(4.15). These products form indeed a finite subset of the universal enveloping algebra of the Galilei algebra (4.12) extended with the supercharges Q i . The latter is endowed with the supercommutator product, cf. [20, 21] . It follows that the new generators descend from some of the generators of the universal enveloping of the superPoincaré algebra (2.14)-(2.15) when the nonrelativistic limit is taken. In contrast, the relativistic counterpart of the new nonrelativistic symmetries would not close into a finite dimensional superextension of Poincaré, but generates instead its whole universal enveloping algebra.
We mention that this approach allowed to show that a free scalar nonrelativistic particle in d-spatial dimensions exhibits an Sp(2d) symmetry, which extends its well known conformal Sl(2, R) ≈ Sp(2) symmetry [21] .
Note that the contraction endows the higher-order operators (6.1) and (6.2) of the universal enveloping superPoincaré algebra, with a clear-cut geometrical meaning: dilations and expansion generators are genuine space-time transformations, with the supercharges becoming the square roots of the time translations and expansions, respectively.
Our considerations here are based on a particular representation of the deformed Heisenberg algebra [12] , that carries a suitable irreducible representation of osp(1|2). It is this representation that is promoted to an irreducible representation of the superPoincaré symmetry of the Dirac-DJT system. The advantage of this approach is that it allows us to work with physical fields only and to identify the supersymmetries of the corresponding nonrelativistic limit. It has also a universal character, since by taking other representations of the deformed algebra, one can describe any (including N -extended and anyonic) representations of the superPoincaré algebra [8] . However, unlike in the superfield formulation [2, 4] , the supersymmetry algebra is closed here only on-shell. This is a price we pay for a minimality of the supermultiplet involving no auxiliary fields.
Let us note that the supersymmetry studied here has been, since, extended to anyons [22] .
